ABSTRACT This paper presents the results of research related to modeling of the effect of supercapacitor operating temperature on a fractional derivative order. The modeling task is conducted for three supercapacitors, and it involves a determination of the derivative order for their seven operating temperatures. The estimations are carried out based on measured step responses on supercapacitor terminals, separately for the supercapacitor charge and discharge cycles.
I. INTRODUCTION
The specific properties of supercapacitors, such as very high capacity, very high power density, easy maintenance and very high reliability have provided a widespread growth in their applications. Supercapacitors as electrical energy storage devices have been used in e.g. energy recovery systems [1] , [2] , emergency supply units [3] , hybrid and electric vehicles [4] , [5] , biomedical sensors [6] and wireless sensor nodes [7] . However, in order to take full advantage of their properties, one needs to have deep knowledge of their models. This is related to implementing control procedures, assessing system stability, identifying faults or estimating reliability [8] - [10] .
The process of accumulating energy in a supercapacitor is based mainly on two phenomena [11] . The first one is related to the electrostatic processes similar to typical capacitors, while the second -pseudocapacitance, similar to the processes that take place in batteries and belong to the electrochemical reactions. Due to the pseudocapacitance processes, simple integer order models that are appropriate for typical capacitors, do not apply to supercapacitors. For this reason, many complex models have been proposed. They consist of several RC branches with values varying with time or voltage. As a result, the models tend to be very complex, and the estimation of their parameters very difficult [8] , [9] , [12] , [13] . A completely different approach is to use the fractional order
The associate editor coordinating the review of this manuscript and approving it for publication was Rui Xiong. models [14] - [17] . The use of non-integer order calculus results in a very good matching of supercapacitor model responses, even for its very simple structure [18] . The adoption of a fractional order calculus provides an additional level of freedom, which allows to obtain better specification matching [19] - [21] . Therefore, apart from the basic supercapacitor parameters, such as series resistance and capacity, there is a third parameter, that is a derivative fractional order. It is estimated that a fractional value of the derivative order is linked to an electro-chemical phenomenon. Its occurrence depends on the chemical matching of the electrode material and the electrolyte ions absorbed on its surface. Therefore, its value depends on the combination of the used electrode materials, electrolytes, and adopted solutions.
So, taking into account the fractional calculus, the wellknown current-voltage relation will now be modeled as fractional order differentiation [22] , [23] . Also, a transfer function [24] - [27] as well as estimation of the amount of energy storage in supercapacitor will depend on the fractional order [18] , [22] , [23] .
There are many papers proposing the use of fractional order calculus in modeling various chemical and physical processes, in particular in supercapacitors [28] - [32] . However, the effect of temperature on the order of the derivative has not yet been studied. Therefore, in this work, an attempt is made to answer the question of how a value of the derivative order α is affected by the supercapacitor temperature. The rate of electro-chemical reactions is directly related to supercapacitor temperature, so a value of the derivative order should also vary as the temperature changes. It is very important because the permissible temperature range for supercapacitors is very broad [10] , [33] . For this reason, an attempt is made to assess the impact of supercapacitor operating temperature on a value of its models derivative order.
The paper is organized as follows. In Section II, a brief introduction to fractional calculus used in this paper is presented. A description of fractional order supercapacitor models, and its operation circuits are given in Section III. Section IV describes estimation procedures. In Section V, the structure and properties of the applied measurement and test setup are illustrated. The results are presented in Section VI, while the discussion is given in Section VII. Concluding remarks are given in Section VIII.
II. FRACTIONAL CALCULUS
Considered and developed in the 19 th century by prominent mathematicians like Riemann, Liouville, Grünwald and Letnikov, the definitions of fractional order differointegrals are today one of the important points of modern mathematics. The benefits stemming from using its concepts became evident in various scientific fields, including system modeling and control [17] , [24] . The definition today can be found in many literature items, e.g. [25] , [34] . So, only a brief introduction, related to the need for this paper, is presented below.
The differointegral operator t 0 D α t of fractional order α is an extension of integration and differentiation operations belonging to real numbers (α ∈ R). For function x(t) of the real variable t, continuous and integrable on [t 0 , +∞) where t 0 is the origin of t and t ≥ t 0 , thus x(t) = 0 if t < t 0 . According to the Riemann-Liouville definition (RL) the differintegral operator t 0 D α t is defined as
where m ∈ N , m − 1 < α < m and (·) is the Euler's gamma function. Due to the discrete character of modern control and measurement systems, a discrete form of the operator (1) according to the Grünwald-Letnikov (GL) definition is adopted. At any moment of time t = kh, the differointegral operator is defined as
where h is the sampling time, and the derivative is determined for discrete moments k = 0, 1, ... of continuous time t as
According to (2) and (3), the derivative of a fractional order for moment k is the sum of all signal samples since the beginning of observation until moment k, multiplied by appropriate weighting coefficients. Transforming samples of continuous time t to the discrete time k with sampling time h we obtain
However, due to its practical applications, summing is restricted to a finite number of samples L. Therefore, the final finite-length (FL) form of the fractional order differointegral operator for discrete time moments can be presented as
where x(k) = 0 for k < 0 and L is the length of the model (5) [24] . Reducing the number of samples results in decreased calculation accuracy. This is very important for systems operating in a continuous time. Some other kinds of the solution are algorithms approximating fractional differointegrals with integer order models. An example can be the Oustaloup recursive filters [34] or SVD-originated balanced truncation (BT) method [35] , with frequency weighted model order reduction [36] . Another effective finite-length fractional order (FLFO) model, is a combination of the truncated model (5) and the Laguerre-based GL difference (FFLD) [37] , [38] .
III. FRACTIONAL MODEL OF SUPERCAPACITOR
The presence of pseudocapacitance processes such as highly reversible surface redox reaction and diffusion-controlled ions intercalation [19] , causes that a supercapacitor cannot be treated as a typical capacitor. That can be simply presented on the voltammetry characteristic shown in Fig. 1 . Charging and discharging the supercapacitor by a linearly increasing/ decreasing voltage source [ Fig. 1 (a)] make that charging and discharging currents are not constant [ Fig. 1(b) ] -on the voltammetry characteristic the graph should have the shape of an ideal rectangle. Therefore, the use of a typical integer order differential calculus does not seem to be appropriate. The specific properties of fractional order calculus make that the supercapacitor's current-voltage relation can be simply presented in the form
where C α is the fractional capacity expressed in F/s 1−α [14] , [19] , [31] , [39] . Also, supercapacitor stored energy can be determined on the basis of the supercapacitor terminals voltage u C (t), as
and E 0 means the initial energy at t 0 [18] , [22] , [23] . Using a fractional calculus, the supercapacitor model can be similar to a typical electrostatic capacitor, containing merely RC elements Fig. 2 . The only difference is that the equivalent capacity will be modeled by fractional capacity C α [ Fig. 2(a) ]. In addition, for small capacitances, equivalent VOLUME 7, 2019 series resistance should be taken into account [ Fig. 2(b) ], and in the case of long time testing, of order of a few days, a parallel resistance modeling the leakage current should be included [ Fig. 2(c) ].
Thus, thanks to the fractional calculus, the supercapacitor model can be limited to four elements: fractional capacity C α , fractional derivative order α, equivalent series resistance r S (otherwise denoted as ESR) and parallel resistance r P modeling the leakage current.
A fractional transfer function of a supercapacitor model depends on the equivalent RC structure as well as the charge and discharge methods. Figure 3 shows a schematic diagram of supercapacitor charging and discharging cycles by a voltage or current sources. When charging a supercapacitor by voltage source [ Fig. 3(a) ], such configuration should be treated as inertia system (e.g. 1st order inertia). But when charging supercapacitor by a current source [ Fig. 3(b) ], it should be modeled as a fractional integral.
An analysis presented in this paper is limited to charging and discharging the supercapacitors only by a voltage source, while as a supercapacitor model, the serial connection of equivalent fractional capacitance and equivalent serial resistance [ Fig. 2(b) ] is adopted. A detailed layout and definition of measurement signals are shown in Fig. 4 .
For the considered configuration the fractional transfer function is defined as [39] - [41] 
where the constant values are calculated as T 1 = (R + r S )C α and T 2 = r S C α . The fractional transfer function (8) in time domain can be formulated as d α y(t)
and can be solved for discrete time taking into account the model (5) of the GL fractional-order derivative (compare [39] , [40] ). The model responseŷ(k) can be calculated using (9) , while the derivative of a fractional order α is realized using (5). The summation is carried out for all samples x(k) of the input signal, measured during supercapacitor charge or discharge cycle in sampling time h.
IV. PARAMETER ESTIMATION OF FRACTIONAL MODEL
According to (8) the fractional order supercapacitor model can be defined based on three parameters: the fractional derivative order α, fractional capacity C α and equivalent series resistance r S (ESR). The purpose of estimation is therefore to determine the vector of unknown parameters θ = (α, C α , r S ) from the set of admissible values ad , in order to minimize the J index
with J being defined as the residual sum of squares (RSS)
where n is the number of signal samples, and
with y(k) andŷ(k) being the measured and estimated output signals, respectively. Luckily, the equivalent series resistance r S can be simply calculated based on measured voltage and current signals. Measuring the voltage change u r S on the supercapacitor terminals as a result of the charging/discharging current, the r S can be calculated as r S = u r S i ch/dch (13) where i ch is the maximum of the measured supercapacitor charging current and i dch is the minimum of the measured supercapacitor discharging current, see Fig. 7 . This leads finally to reduction of the vector of estimated parameters to the form
and the estimation task will apply to determine the vector of unknown two parameters according to equation
whereŷ(k) = f (x(k); θ ) is the fitting function evaluated at x(k). The estimation procedure was carried out with the use of the fmincom function from the MATLAB package, minimizing the non-linear function of many variables, applying the internal point algorithm.
V. TEST SETUP AND MEASUREMENT PROCEDURE
All tests are conducted on the dedicated test setup. The construction was based on the earlier solution presented in [42] . The simplified diagram is shown in Fig. 5 
and +60 • C. Supercapacitor temperatures were stabilized for at least 5 hours. After this time, the tests were commenced and a specified number of charging and discharging cycles were carried out for all supercapacitors. For selected one cycle, the supercapacitors parameters have been determined. All measurement and control procedures were carried out with sampling time h = 0.05 s. The example voltage and current waveforms for charge and discharge cycles for selected temperatures and supercapacitors are shown in Fig. 6 .
VI. MEASUREMENT RESULTS
Based on the measured voltage and current responses to voltage step (u step = 2.7V ) the procedure of parameters estimation was carried out. The resistance R was used to limit the charge and discharge current (R = 0.987 , see Fig. 4 ). This allowed limiting the supercapacitor heating by the high peak initial current. First, the equivalent series resistance r S was calculated based on (13) . Then, this value was used to estimate the derivative order α and the equivalent fractional capacity C α according to (15) by using model (8) . The calculations were repeated separately for the supercapacitor charge and discharge cycles. The obtained results are presented in Tables 2 and 3 , while examples of the calculated model responses are shown in Fig. 7 . The maximal value of residual sum of squares for the charge cycle was J ch = 0.2304 V 2 (supercapacitor SC 3 , temperature T = 0 • C), while for the discharge cycle J dch = 0.5045 V 2 (SC 3 , T = +60 • C). Also, the error value ε(k) was less than 0.1079 V for the charge cycle (maximal value for SC 1 and T = −30 • C), and less than 0.0535 V for the discharge cycle (maximal value for SC 3 and
An analysis of the results shows an essential influence of supercapacitor operating temperatures on their fractional model parameters, although different for specific parameters. But changes in parameters can be observed not only as the function of supercapacitor temperature but also between charging and discharging cycles. This can be noted analyzing its cyclic voltammogram [ Fig. 1(b) ]. One can see not only the deviations from the ideal rectangular shape but also the differences between the charge and discharge cycles [ Fig. 1(b) ] [43] . For this reason, the identification procedure was carried out separately for the charging and discharging cycles. The voltammogram confirms the complex mechanisms of accumulating the charge in the supercapacitor and the appropriateness of using the fractional order calculus. Figure 8 shows the estimated fractional capacity C α as a function of supercapacitor temperature for charge and discharge cycles. Just for this parameter, the fractional capacity stays almost constant for all three supercapacitors. Figure 9 shows the estimated derivative order α as a function of temperature for supercapacitor charge and discharge cycles separately for C n = 4.7 F [ Fig. 9(a) ], C n = 10 F FIGURE 7. Fractional models response (u est ) and error (ε) for charge (a), and discharge (b) cycles for C n = 22 F , u step = 2.7 V , and temperature − 30 • C.
[ Fig. 9(b) ] and C n = 22 F [ Fig. 9(c) ]. The greatest effect on the fractional derivative order α was observed for the first and second supercapacitors, for the charging cycle. A change in the operating temperature by T = 90 • resulted in a change in the derivative order α by approx. 4.6% relative to the value in temperature of −30 • C. For all tested supercapacitors, an increase in temperature entailed a decrease in the value of the derivative order α, i.e. the value shifts from 1. This means that the supercapacitors became more and more fractional.
An even greater effect can be observed for the change in the resistance. For C n = 4.7 F, within the same temperature range, over 50% changes in the resistance with respect to its initial value (for the temperature −30 • C) were observed. Figure 10 shows the calculated equivalent series resistance r S as a function of the supercapacitor temperature separately for charging and discharging cycles.
VII. DISCUSSION
The results show a significant dependence of the derivative order α as a function of the supercapacitor temperature, see Fig. 9 . As the temperature rises, the values of the derivative order decrease. The order moves more and more away from the value of 1, i.e. the integer order derivative. The supercapacitor is then becoming more and more fractional. The same result was observed for all tested supercapacitors. The order vs. temperature data points have been approximated by linear regression models. The model fit ratio R 2 (supported with checking the residual plots) changed within the range 0.87 to 0.97. Despite the variations in the derivative orders, the trend is the same for both charging and discharging of the supercapacitors.
For the first time, the effect of the supercapacitor temperature on the derivative order of its fractional model has been analyzed. This is very important because the fractional calculus is becoming more and more popular, not only for supercapacitor modeling but also for batteries [29] , [31] and hybrid systems [14] . And the derivative order is crucial for such models. For supercapacitor models, based on fractional derivative order α, we can precisely calculate the model response but also estimate the amount of stored energy or the control signal for the charging process. VOLUME 7, 2019 FIGURE 9. Estimated fractional order α as a function of supercapacitor operating temperature for charge and discharge cycle for C n = 4.7 F (a), C n = 10 F (b), and C n = 22 F (c). FIGURE 10. Calculated equivalent series resistance r S (ERS) as the function of the supercapacitor operating temperature for charge and discharge cycle for C n = 4.7 F (a), C n = 10 F (b), and C n = 22 F (c).
During the tests, the influence of the temperature on the two other parameters of the adopted model was also determined. In the case of a fractional capacity C α , it seems that it is practically constant in the whole range of temperature changes, see Fig. 8 . Quite different is in the case of equivalent series resistance r S , see Fig. 10 . In this case, temperature changes greatly affect changes in its value. The changes are at some 50% with respect to its initial value (for the temperature of −30 • C). In this case, a linear model was also proposed, and the quality of the fit ratio R 2 varied within the range of 0.80 to 0.98. What is important, changes in the resistance for both charging and discharging cycles were also found.
VIII. CONCLUSIONS
The paper has presented the results of estimation of fractional model parameters for supercapacitors. Particular attention has been paid to the value of the derivative order, focusing on its changes in supercapacitor operating temperatures. The tests were carried out in the temperature range from −30 • C to +60 • C. The obtained results confirm the effect of temperature on the estimated parameters, especially the fractional order α. A temperature increase was followed by a decrease of the derivative order value. This means that the supercapacitor becomes then more fractional. The fractional derivative order, just like capacitance and resistance, defines the supercapacitor properties resulting from the used materials and its construction. For this reason, the temperature changes must also affect on α. This is particularly important since, in fractional models, the derivative order determines not only the accuracy of the model responses, but also the amount of stored energy, the control signal, and the criteria of the stability, observability, and controllability of the system.
